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Notions of size

Cardinality of a set
Measure of a set
Order of a group

Volume

Euler characteristic of a topological space
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Origins in category theory

@ Leinster in [Lei06] defines the Euler characteristic of a finite
category.

@ This definition is extended to finite enriched categories.

e Lawvere in [Law73] observed that categories enriched in [0, ]
can be seen as metric spaces.

@ Definition of Euler characteristic for finite categories enriched in
[0, 0] gives the definition of the magnitude of a finite metric space.
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Magnitude of a matrix I

Definition 1

Let M € M,,(R) be a n x n matrix. A weighting on M is a column
vector w € R” such that Mw = 1. A coweighting on M is a row vector
v € R” such that vM = 1*.
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Magnitude of a matrix II

Lemma 2
Suppose M possesses a weighting w and a coweighting v. Then

ZWJ ZVJ

=

Proof.
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Magnitude of a matrix III

Definition 3

Let M € M,,(R). If M possesses a weighting w and coweighting v, then
we say M has magnitude and its magnitude is given by

M| = ZWJ ZVJ

The weighting of a matrix is not guaranteed to exist, but if the matrix
is invertible, then the calculation is more straightforward, as the
following lemma shows.
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Magnitude of a matrix IV

Lemma 4
If M is invertible, then M possesses a unique weighting and its
magnitude is given by

n

= § o

ij=1 4
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Magnitude of a matrix V

Proof.
Suppose M is invertible. Then the equation Mw = 1 has

wj = [MIIL = ém?)

where mY) is the j-th row of M~!, as the unique solution. Then the
magnitude of M is given by
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Finite metric spaces |

Definition 5

Let A be a finite metric space with distance function d. Define its
similarity matrix Z, by

Z4]0p = e~ b,

Then if Z4 has magnitude, then we say A has magnitude and we write

Al = |Za]-
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Finite metric spaces II

Example 6

Let A be the discrete space, that is, for all a # b € A, d(a,b) = .
Let A have n points. Then the similarity matrix of A is 7, the
n x n identity matrix, and the magnitude |A| = n.

Let A consist of two points of distance d apart. Then

1 4
28 = [e_d 1 }

and by Lemma 4 above, the magnitude of A is [A| = 1 + tanh ().
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The magnitude function I

Want to consider the magnitude of a space as we scale distances.

Definition 7

Let ¢ > 0. Denote by A the metric space containing the same points as
A but all distances are scaled by z. Then we call the assignment

t — |tA| the magnitude function of A.

Note that Z,4 might not possess a weighting for all ¢, so the magnitude
function might only be a partially defined function of 7.
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The magnitude function II

Example 8

Recalling the second example above, suppose A has two points of
distance d apart. Then
1 eftd
ZlA = |: e—td 1 ]

and the magnitude function is

td
Mag(tA) = 1 +tanh (5) :

Stephen Shang Yi Liu (CWRU) Magnitude of odd-dimensional Euclidean balls March 19, 2020

14/71



The magnitude function III

Theorem 9 (Proposition 2.2.6 of [Leill])
Let A be a finite metric space. Then

@ A is invertible and hence has magnitude for all but finitely many
t>0.

® The magnitude function of A is analytic at all t > 0 such that tA is
invertible.

@ fort >0, there is a unique, positive, weighting on tA.
@ Fort > 0, the magnitude function of A is increasing.
o |tA| —#A ast — co.

Idea of proof.

As t — oo, the similarity matrix Z;4 — I,.
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The magnitude function IV

Example 10

Let K3 > denote the bipartite graph of 3 and 2 vertices with each edge
having distance ¢ and using the shortest-path metric.

o, t Then the magnitude function of
N °, K3 is given by:
feo ., 5— 7€_t
2 Mag (tK37) = .
o 28 (tKs2) = 7 e 1) (1—2¢ %)

Figure: The graph K3 .
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[tK3 2|

Figure: The magnitude function of K3 >.




Positive definite metric spaces |

For what kinds of spaces does magnitude behave more nicely?

Definition 11

A finite metric space A is called positive definite if its similarity
matrix Z, is a positive definite matrix.

@ Positive definite matrices are always invertible, so any positive
definite metric space automatically has magnitude.

@ Principal submatrices of positive definite matrices are positive
definite so subspaces of positive definite metric spaces also have
magnitude.

e Finite subsets of Euclidean space are positive definite metric
spaces.
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Positive definite metric spaces II

Theorem 12 (Proposition 2.4.3 of [Leil1])

If A is a finite positive definite metric space of n points, then A has
magnitude and the magnitude is given by

2
|A‘ — sup (ZaGA Va)
v£0  V*ZpV

where v € R". The supremum is attained if and only if v is a nonzero
scalar multiple of the unique weighting on A.

Idea of proof.

Cauchy-Schwarz inequality applied to arbitrary v and weighting w.
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Positive definite metric spaces 11

Theorem 13 (Lemma 2.4.10 of [Leil1l])

If A is a positive definite metric space and B C A, then |B| < |A|.

Proof.

Since A is positive definite and B is a subspace, B is also positive
definite and both sapces have magnitude. Furthermore, using Theorem
12 above, we have

2 2
|B| — sup (ZbGB Vb) < sup (ZaGA vd) — |A|
V0 Vv*Zgv v£0 Vv*Zgv

since the space of vectors we are considering for B is a subspace of the
space of vectors in consideration for A. O
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Infinite metric spaces I

@ Want to extend the definition of magnitude to include infinite sets.
@ Idea: approximate by finite subsets.

@ Question: Is the answer we get via approximation by finite
subspaces independent of the approximation we choose?

@ Answer: Yes, for a specific class of metric spaces.
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Infinite metric spaces Il

Definition 14

Let A be a metric space. We say A is a positive definite metric space
if every finite subspace of A is positive definite. If A has the property
that A is positive definite for all # > 0, then A is of negative type.

@ Negative type is a classical property from metric space theory.

@ Many familiar metric spaces are of negative type and we will see
later that they have magnitude.
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Infinite metric spaces III

Definition 15 (The Hausdorff metric)

Let X be a metric space and A, B be compact subsets. Then dy (A, B),
the Hausdorff distance between A, B is defined to be

du(A,B) = max {supd(a,B), supd(A,b)} .
acA beB
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Infinite metric spaces IV

Definition 16 (Gromov-Hausdorff distance)

Let A, B be compact metric spaces. Then dgy (A, B) the
Gromov-Hausdorff distance between A, B is defined to be

don(A,B) = infdu(@(A), ¥(B))

where the infimum is over all metric spaces X and isometric
embeddings ¢ : A — X and v : B — X.
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Infinite metric spaces V

Theorem 17 (Proposition 3.1 of [LM17])

The quantity
M(A) =sup{|A’| : A" C A, A finite}

is a lower semicontinuous function of A (taking values in [0,0]) in the
class of compact positive definite metric spaces equipped with the
Gromov-Hausdorff topology.

@ Note that if A is a finite positive definite metric space, then by
semicontinuity and Theorem 13, M(A) = |A|, so this agrees with
the finite case.
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Infinite metric spaces VI

Definition 18

Let A be a compact positive definite metric space. Then the magnitude
of A, written |A|, is defined to be the value M(A) from above.
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Infinite metric spaces VII

Here are some examples of metric spaces that are of negative type and
hence their compact and finite subspaces have magnitude:

Example 19
EZfornZlandlgpgl
Ly[0,1] for 1 <p <2,
n-spheres with the geodesic distance ([Will4]).
weighted trees.
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The convex magnitude conjecture I

Computer calculations by Leinster and Willerton in [LW13] led to
what became known as the convex magnitude conjecture. It has since
been shown to be false, but it, along with various asymptotic versions
of the conjecture, motivates many of the results in this section.

Definition 20

Let #™" be the space of compact convex sets in R”. A nonempty set in
" is called a convex body. A function P: #" — R is called a
valuation if

e P(0) =0,

@ P(AUB) =P(A)+P(B)—P(ANB), where A,B,AUB € #™".
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The convex magnitude conjecture II

Theorem 21 (Hadwiger’s Theorem ([Sch14]))

There are valuations Vy,Vy,...,V, where each V; is homogeneous of
degree i such that if P is a valuation that is invariant under rigid
motions and continuous with respect to the Hausdorff metric, then

there are constants cq,cy,...,c, such that
n
P= Z ciVi.
i=0

@ Each V; is called the i-th intrinsic volume.

@ V, is the usual n-dimensional volume, V,,_ is half the surface
area, and Vj is the Euler characteristic.
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The convex magnitude conjecture III

Leinster and Willerton in [LW13] stated the following conjecture.

Convex magnitude conjecture
Let K € 2. Then magnitude is a valuation and moreover

Mag(1K) = Z G
- W

i>0

where ; is the volume of the i-th dimensional unit ball.
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The convex magnitude conjecture IV

Theorem 22 (Theorem 7 of [LW13])
The magnitude of the straight line segment L of length { has the form

l
L=1+=
LI=1+3

That is,
Mag (lBé) =|[-t,1]| =1+t
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The convex magnitude conjecture V

Barcelo and Carbery explicitly calculated the magnitude function for
odd-dimensional Euclidean balls, showing that the magnitude function
is a rational function in t:

Theorem 23 (|[BC16])

Let d be odd and denote by Bg the closed d-dimensional Euclidean
ball. Then

t3
Mag (lBg) =3 +22 42t +1,
s\ 19+ 18 + 135¢* + 52573 + 10807% + 10807 + 360
Mag (th) = .
51(t+3)
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The convex magnitude conjecture VI

@ In particular, the magnitude function for Bg shows that the convex
magnitude conjecture is in general false.

@ However, various asymptotic versions of the convex magnitude
conjecture (with somewhat different coefficients) have been
shown.
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Asymptotic results I

Theorem 24 (Theorem 1 of [BC16])

Let K be a nonempty compact set in R". Then
Mag(tK) — 1l ast—0

and
Vol(K)

t "Mag(tK) —
ag(tK) o,

as t —» oo,

So the first and last coefficients were correctly predicted by the
conjecture as we take r — 0 and r — oo respectively.
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Asymptotic results II

Theorem 25 (Theorem 2(c¢)-(d) of [GG17])

Let d > 3 be odd and let K be a d-dimensional convex body with
nonempty interior and smooth boundary. Then

Mag(1K) = o (ValK)H+ (d-+ 1)V ()

+§(d+ 1)2Vd—2(K)td_2> t0 (td_3>

as t — oo,

So we can recover the next two intrinsic volumes in the asymptotic
expansion for large ¢, but the coefficients are not the ones predicted by
the convex magnitude conjecture.
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Asymptotic results 111

Theorem 26 (Theorem 4 of [Mec19])

Let d =2m+ 1 be odd and denote by Bg the d-dimensional closed
Euclidean ball. Then

d d 1 d
~-Mag (th) o =31 (Bz>

where

v, (B§l> _ (2m+;zn\jif‘%()m+ D _ 2(m— %)

is the first intrinsic volume of the closed unit ball.
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Asymptotic results IV

@ This result depends on work done by Willerton in [Wil17] to
reformulate the magnitude function of odd-dimensional
Euclidean balls in terms of collections of Schroder paths.
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Schroder paths I

Definition 27

@ A Schroder path is a finite directed path in the integer lattice in
which each step starting at (x,z) € Z? is either an ascent to
(x+1,y+1), adescent to (x+ 1,y — 1) or a flat step to (x+2,y).

e Fix k > 0. A disjoint k-collection is a family of Shroder paths
from (—i,i) to (i,i for each 0 < i < k such that no node in Z? is
contained in more than one path.

@ We denote by Xj the set of all disjoint k-collections and by X{C the
sete of all disjoint k-collections containing exactly j flat steps.
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Schroder paths II

Figure: A disjoint 3-collection.
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Schroder paths 111

@ What does X,? look like? Starting from i = 0 and moving up we
realize that each path at height i can only consist of i ascents
followed by i descents. We will call this kind of path a V-path at
height i.

@ The set X,? consists of only one collection, which we’ll call Grkoof,
which is entirely made up of V-paths for each 0 <i < k.
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Schroder paths IV

Figure: The disjoint 3-collection 67 ;.
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Schroder paths V

Let o € X} be a disjoint k-collection. For each path in ¢ we associate
to each step 7 a weighting by

1 if T is an ascent,
0;(T) =141 if 7 is a flat step,
y+1—j if 7is adescent from height y to height y — 1.

For a collection ¢ € X; the total weight of o, denoted w;(o) is the
product of the weightings of all the steps on each path in 6. So w;(0o)
is a polynomial in ¢ with degree the maximum number of flat steps in
c.
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Schroder paths VI

Figure: The disjoint 3-collection o3, ;

with @, weightings.
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Schroder paths VII

Theorem 28 (Corollary 27 of [Will7])
Letd =2m+ 1 be odd. Then

Z. 20y

d\ OEXm+1 .

Mag (’BZ> T4 Y wlo)  dD()
oeX, 1

forallt> 0.

Meckes proved his result in Theorem 26 by differentiating the
expression above, evaluating at zero and simplifying.
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The problem I

Goal

Our goal is to calculate the value of

< Mg (189) |,y

Stephen Shang Yi Liu (CWRU) tude of odd-dim al Euclid s March 19, 2020 48/71



The problem II

Outline

Apply the quotient rule to Theorem 28 and the result of Theorem
26 to express the second derivative in terms of N(z),D(t).

The expression will contain first and second derivatives of N(7)
and D(t) evaluated at ¢ = 0. First consider disjoint k-collections
containing exactly one flat step to simplify terms containing first
derivatives.

Consider disjoint k-collections containing exactly two flat steps to
simplify terms containing second derivatives.

Combine the previous two steps to arrive at an (partial) answer.
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Second derivative

After applying the quotient rule, we get

e (1) |, =2 OO v () [ BER]
where
D(0) = o (o7, ) = Zi:[; ((zkkj 11>)"
N(0) = o (6:;;}1) _ ’:_; ((2kk_—11))'|
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Collections with one flat step |

D'()=r" Y} (o)

oex!

m—1

So we need to consider disjoint (m — 1)-collections of Schroder paths
containing exactly one flat step.
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Collections with one flat step 11

o letoeX ,i with path containing flat step at height p.
@ All paths below p must be V-paths.

@ The disjointness condition means the flat step at height p must be
centered.

@ Paths above the flat step path M-paths or V-paths.
@ Cannot have V-paths below M-paths.

Lemma 29

Let o, Udenote the disjoint (m — 1)-collection with centered flat step
at hezght p and g M-paths above it. Then
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Collections with one flat step III

Figure: A disjoint 4-collection with one flat step at height 2 and with @,
weightings and total weight 80640t.
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Collections with one flat step IV

By Lemma 29 above, we have

o kDY (@)Y
D'(0) = 1<p;n_1 (Ig (k+1)! ) ((p+1)!)

0<g<m—1-p

=p+1 k=p+q+1
So we have
D'(0) y 1 bt ( 2k )
D(0) l<pm1 22+ 12 \2k+1)7
0<g<m—1-p

rH(2k)1(2k) ml (2k+1)!
=]
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Collections with two flat steps I

@ The N”(0) —d!D"(0) term requires us to think about collections containing
exactly two flat steps.

@ Again, all paths underneath the one containing flat step(s) must be V-paths.
@ But then this means that we can’t have one path containing two flat steps.

@ Furthermore, the path containing the first flat step must have its flat step
centered.

@ We can have M-paths above the first flat step path.

@ Second flat step can either be centered, or offset by one space to the left or
right.

@ Above an off-centered flat step, we can have asymmetric M-paths followed
by M-paths and then followed by V-paths.
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Collections with two flat steps 11

Figure: Disjoint 4-collections containing two flat steps that are reflections of
each other. Using w, weightings, both have total weight 518407,
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Collections with two flat steps III

e Denote by 6151 a1, the disjoint k-collection with two centered
flat step paths at heights p; and p; respectively, g; M-paths above
the first flat step, g» M-paths above the second flat step, and
V-paths everywhere else.

@ Denote by L’;hp ,.q1.q, the disjoint k-collection with two flat step
paths at heights p; and p; respectively where the flat step at p; is
offset one to the left, M-paths between p; and p;, ¢; asymmetric
(left) M-paths above p», go M-paths above p, 4+ ¢; and V-paths

everywhere else.
k . k ;
® R, 1 4.q; ThesameasL; . . . butthe right offset case.
Then

Xl%: U {szupz-,ql,qz}u U {L§17Pz7ql,q2}u U {RI]§17P27QI7‘]2}'

P1:P2:91,92 P1:P2:91,92 P1:P2:91,92
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Collections with two flat steps IV

e N”(0) —d!D"(0) means we will have to consider both X2, as
well as X,i i1

@ Can apply a trick of thinking of collections in X,,_; as being
embedded in X, 1.
Lemma 30 (Willerton)

Letd =2m+1 and ¢ € X,,,_. Then define u(0) € X1 by shifting
all paths in © up two units, adding ascents from (—i,i) to

(—i+1,i+ 1) and descents from (i—1,i+ 1) to (i,i) for 1 <i<mand
finally adding a V-path at height m+ 1. Then

@ (k(0)) = d'a(0).
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Collections with two flat steps V

Figure: A disjoint 3-collection o and its embedding as a disjoint
5-collection. On the left wy(o) = 720¢ and on the right
w(U(o)) =261,273,600f = 9! x 720z.
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Collections with two flat steps VI

@ So we only need to consider those paths in Xi 1 that are not
u-embeddings of paths from X,zn_l, that is,

N"(0) —d'D"(0) =172 Y (o).
LS GARAVIIO GARY
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Collections with two flat steps VII

There are four disjoint cases:
e The first flat step at height p; = 1 and the second flat step is at
height p, where 2 < p, <m+1.

@ The first flat step is at height p; > 2. The second flat step is at
height p = m and we either have a M-path or an asymmetric
M-path above p;.

@ The first flat step is at height p; > 2. The second flat step is at
height pp =m+1.

@ The two flat steps are at heights between 2 and m — 1 but with no
V-paths above height p5.
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Collections with two flat steps VIII

@ Actually we need to multiply the number of cases above by two
because we need to consider case where the two flat steps are
centered (o) and the case where the second flat step is offset to
the left (L).

@ Don’t need to consider the right offset case by symmetry.

@ But actually it turns out that the total weights for both cases is the
same! So we only need to consider the ¢ case.

@ After a lot of simplifying, we get...
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Partial results |
Letd =2m -+ 1 be odd and Bg be the closed d-dimensional Euclidean

ball. Then

& d
pr MagtB ‘t —0=

6

qﬁZ Pt

k=2 2k—1 k=ps +| 2k—1

+41 )
+

P 7]“ 2k—1 2m—] 2m+l)

2<p2<m+1 2172_1(
0<q,<pr—2
0<g, <m+1-py
6
2<p]<m 1 21’1_]
0<gy<m-p;—1

)
6
2<pr<m 2p1—1 kp1+1 2k71 2m+1

0<gy<m—p;

1 Plﬂil (2/( 2 m+1 )
6 Z 2p1—1 < 2py — 1 H 2]{, 1)
2<p;<m 1 k=p; +I P2

p1+1<py<m—1
0<g1<py—p1-1

1 b 2k
14 —— =),
Y 2p+1k:’111<2k+1>

1<p<m—1
0<g<m—1-p

S
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Partial results 11

50 Second order term vs. Dimension

o Second order term
45 - Prediction by CMC o g

40t ° 1

Second order term
- - n nN w w
o (6} o [6;] o (3]
o
o
(o]
o

(9}
T
o]
L

0 Il Il Il
0 10 20 30 40 50

Dimension d

Figure: Second order terms computed for odd dimensions from 3 to 41 along
with the values as predicted by the erstwhile convex magnitude conjecture.
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Future work

@ Continue trying to simplify the long expression for the second
derivative term (skip factorials, Catalan numbers,...)
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Questions?



Thank you for listening!
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